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Virtual Branch Analysis of Symbol Error Probability
for Hybrid Selection/Maximal-Ratio Combining
In Rayleigh Fading

Moe Z. Win, Senior Member, IEEEBNd Jack H. Winterd-ellow, IEEE

Abstract—in this paper, we derive analytical expressions for the of antenna elements) but the power consumption and cost of the
symbol error probability (SEP) for a hybrid selection/maximal- RF electronics for each diversity branch [5].
ratio combining (H-S/MRC) diversity system in multipath-fading : ; : _ : ; .
wireless environments. With H-S/MRC, L out of NN diver- Thh|§ has r;]]otlvated StUdlleS [g] [1]}]h0f dIV(.:'lrstl)tly ((;melmng
sity branches are selected and combined using maximal-ratio techniques _t a.t process onhsa geb the available |verS|ty
combining (MRC). We consider coherent detection ofAM-ary branches with limited resources (i.e., power, RF electronics), but
phase-shift keying (MPSK) and quadrature amplitude modu- achieve better performance than SD. These reduced-complexity
lation (MQAM) using H-S/MRC for the case of independent combining systems sele&tbranches (froniV available diver-
Rayleigh fading with equal signal-to-noise ratio averaged over g, hranches) and combine them based on a chosen criterion
the fading. The proposed problem is made analytically tractable . . . . . e ’
by transforming the ordered physical diversity branches, which Here, we consider a hybrid selection/maximal-ratio combining
are correlated, into independent and identically distributed (i.i.d.) (H-S/MRC) diversity system which selects theoranches with
“virtual branches,” which results in a simple derivation of the SEP  largest receive SNR at each instant, and then combines these
for arbitrary L and V. We further obtain a canonical structurefor  pranches to maximize the instantaneous output SNR. This po-
the SEP of H-S/MRC as a weighted sum of the elementary SEP’s, : . .
which are the SEP’s using MRC with i.i.d. diversity branches in tentially reduces Fhe number of required RF Fha”.’ls fm"?“’L'
Rayleigh fading, or equivalently the SEP’s of the nondiversity e assume that instantaneous channel estimation using a scan-
(single-branch) system in Nakagami fading, whose closed-form ning receiver across all possible diversity branches is feasible,
expressions are well-known. We present numerical examples such as with slow fading. However, H-S/IMRC also offers im-
'”Ursf”f‘rﬂ”% thalt H'?/'\ﬁr'?(t:‘ en V‘r’]'“k‘] l\ch<< N, can achieve nproyement in fast fading conditions, and our results serve as a
periorma Cecosel ° .a Ouv- .a. ¢ ' 3 . lower bound on the symbol error probability (SEP) performance
Index Terms—Dbiversity combining, error probability, fading  \yhen perfect channel estimates are not available.
channel, maximal ratio combining, selection diversity, virtual In 71 the bit t " fH-S/MRC with= 2
branch technique. n [7], the bit error rate performance of H- C with= 2
and L = 3 out of N branches was analyzed, and it was pointed
out that “the expressions become extremely unwieldy’Ifos
. INTRODUCTION 3. TheaverageSNR of H-S/MRC was derived in [8]. In [10], a

HE CAPACITY of wireless systems in a multipath envi- Virtual branch” technique was introduced (see also [11]) to suc-
ronment can be increased by diversity techniques [1], sueiictly derive the mean as well as the variance of the combiner
as selection diversity (SD) [2]-[4] or maximal-ratio combinin@utPut SNR of the H-S/MRC diversity system. Concurrent and
(MRC) [4]. SD is the simplest form of diversity system wherebjndependent work on the performance analysis of H-S/MRC can
the received signal is selected frameout of N available diver- also be found in [12], where H-S/MRC is referred to as “gener-
sity branches. In MRC, the received signals frafinthe diver- alized selection combining.”
sity branches are weighted and combined to maximizerthe In this paper, we derivexactexpressions for the SEP of a
stantaneousignal-to-noise ratio (SNR) at the combiner outputi-S/MRC diversity system witkarbitrary L and N. We con-
Though a high diversity order is possible in many situationsider coherent detection dff-ary phase-shift keying (MPSK)
it may not be feasible to utilize all of the available branche@nd quadrature amplitude modulation (MQAM) for the case of
For example, a large order of antenna diversity may be obtairiédependent Rayleigh fading with equal SNR averaged over the
easily, especially at higher frequencies such as the PCS bai@ging. The proposed problem is made analytically tractable by
using spatial separation and/or orthogonal polarizations. Eviéansforming the ordered physical diversity branches, which are
for a handset, the main diversity-order limitation is typicallgorrelated, into independent and identically distributed (i.i.d.)
not the handset size (which determines the maximum numb@itual branches We further obtain a@anonical structureor
the SEP of H-S/IMRC as a weighted sum of the elementary
Paper approved by K.-C. Chen, the Editor for Wireless dataCommunicatio_%EP,S' WhICh e_lre the SE_P’S using MRC with i.i.d. br_anCh_es
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expressions are well known. We also present numerical exam¥or a Rayleigh fading channel, the pdf@fs is given by
ples illustrating that H-S/MRC, even with < N, can achieve

2 -
performance close to that &f-branch MRC. fa,(r) = ée"’z/gf, >0 3)
[I. DIVERSITY COMBINING ANALYSIS whereQ; = IE{a?}. Then, the pdf of the instantaneous branch

A. Virtual Branch Technique: The Key Idea SNR is given by

The analysis of H-S/IMRC based on a chosen ordering of the icf(x/ri% 0<x< oo
branches at first appears to be complicated, since the SNR sta- fr(@) =9 I} (4)
tistics of the ordered branches avet independent. Here, we 0, otherwise

alleviate this problem by transforming the ordered-branch VaWhere the meam; = E{v} = E{a?}(E./No) =
ables into a new set of i.i.dirtual branches and expressing (E./No:). If 75 Zare_inde (Z;der; with eZ ual Save(;; e_SNR
the ordered-branch SNR variables as a linear function of i.i.i%e.Z 15 0 F f(;y;i _ P N, then f (2) - f(a:)g for '
virtual branch SNR variables. The key advantage of this formu-"" " * N oo v -

lation is that it allows greater flexibility in the selection procesLs Tl'hé "6"n?t df of can be derived using the
of the ordered instantaneous SNR values, and permits the cq Jomnt pat otpy, 72y, - - -» Y] ved using

biner output SNR to be expressed in terms of the i.i.d. virtuaﬁqeory of *order statistics” [17] as

branch SNR variables. In this framework, the derivation of the ) Ny f(vz) - Foa),s
SEP for H-S/MRC, involving the evaluation of nestadfold Fron, ({'7[1‘1}{\;1) = Yy > V2] > > Y
integrals, essentially reduces to the evaluation of a single inte- = 0 otherwise.
gral withfinite limits. The well-known results for SD and MRC ’ (5)
are shown to be special cases of our results. Therefore

N
B. General Theory N! <%) e~ (W/MIN )

. . i N
Let v; denote the instantaneous SNR of thk diversity fvm ({’V[i}}izl) =

> > >N > 0
branch defined by T > e VIN]

0, otherwise
P (6)
fNS (1) wherely denotes the vector of lengtN whose elements are
oi all ones. Itis important to note that thg;'s arenolonger inde-

where2E, is the average symbol energy, angis the instanta- Pendent, even though the underlyigs are independent.

neous fading amplitude aridVy; is the two-sided noise power -

spectral density of théth branch. We model the;'s as contin- € Symbol Error Probability for GDC Over the Channel

uous random variables with (probability density function (pdffnsemble

fr: (x) and mearl’; = IE{+;}. The SEP for GDC in multipath-fading environment is
Let us first consider a general diversity combining (GDC)btained by averaging the conditional SEP over the channel

system with the instantaneous output SNR of the form ensemble. This can be accomplished by averaging the

Pr{e|vanc} over the pdf ofyanc as

P. cpoc =E., . {Pr{elvapc}}

A
Vi =«

Yepc = (@, ’7/[N]> (2)

wherea andyy; arelV x 1 vectors with/V denoting the number I ey
of available diversity branches. The selection veetds bi- =/ Prielv} frane ()dy 7

nary-valued withith elements; € {0,1}. The ordered vector ) - N

Yo A s 12 - -+ 1y, where{g; } is the ordered set of WherePr{ehGDC} is thecond|t|0naIS_EP, conditioned on the
[}, 1€ > g > - > v and(-) denotes transpose.random variableyape, and fy o (+) is the pdf of_the com-
Note that GDC selectively combines the branches with insta?}';ner output SNR [18]-{20]. Alternqnvely, averaging over the
taneous SNRy; corresponding to nonzero elements ¢ 0) channel ensemble.car) be accomphsh_ed, using the technlque of
of the selection vectos. It will be apparent later that several[21]’ [22], by substituting the expression f&nc directly in

diversity combining schemes, including H-S/MRC, turn out £ms of the physical branch variables given in (2), as

be special cases of (2). Note that the possibility of at least two, —E {Pr {6|’7 = (a7 >}}
equalyy;'s is excluded, sincey; # ;) almost surelyfor con- e@bC bk “be 7N
tinuous random variableg's3 _ /Oo/m /A’[N_“ Pr {C|<a o >}
- YN
0 JO 0 Nl
2The notation(z, y) for z, y € R is used to denote the usual inner product X ( 5 {V ) dvin - - dyordyrr. (8
onRY defined by(z,y) £ 3"~ | x,y;. For alinear transformatiofi: RV — P & 1}7:1 TN - (8)

N i T = t . . . .
R™, we will use the fact thatz, T'y) = ("=, y) [13], [14]. Since the statistics of the ordered-branchesharenger in-
3In our context, the notion of “almost sure” or “almost everywhere” can b

stated mathematically asi;; # ;) almost surelyif and only if Pr{vy; = aependent, the e\_/aluation of (8) involves nestédold iﬂte'
Yt = 0 [15], [16]. grals, which are in general cumbersome and complicated to
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compute. This can be alleviated by transforming the instanfBhis shows that the instantaneous SNR'’s of the virtual branches
neous SNR of the ordered diversity branchgg's, into a new are i.i.d. with characteristic function (c.f.) given by

set ofvirtual branchinstantaneous SNR’$;,'s, using the fol- / ' 1

lowing relation: Py, (jv) 2 EletV} =

. 18
1—jv (18)
vy = TveV N 9) The instantaneous SNR of the combiner output can now
be expressed in terms of the instantaneous SNR of the virtual

whereTve: RY — RY is the upper triangular virtual branchy .2 ches as

transformation matrix given by

[ r I Yepc = (@, TveV N) - (19)
1 2 N . . . .
T T Using theindependentirtual branches, thé/-fold nested inte-
Top — 5 N (10) grals of (8) reduce to
. : P. apc =Ey,; {Pr{elyvapc = (a,TveVN) }}
1_‘ o pOO o> N
_ = _ /0 /0 . /0 Pr {e|<T§,Ba,vN>}g Fvr (vn) .
andVy = [V1,Va, ..., V]t Using the distribution theory (20)
for transformations of random vectors [17], the joint pdf of ) ) )
Vi.Va. ... Vi can written as For many important modulation techniqués{c|{(a, y;n})}
. factors into a product ofV terms, where each term depends
fvn {ondizt) = Ty ({'V[Zl};l)‘ (11) onlyon one of they;;'s. Similarly,Pr{e|(T%za, V v)} factors
Ym=Tveey into a product ofV terms, each dependent only on drie We
where.J is the Jacobian of the virtual branch transformation anill illustrate this by the following two important examples.
- [v,v2, ..., oN]" 1) SEP for MPSK With GDC:For coherent detection of
Denotinglj(\ﬁ) be theith column of thelV x IV identity matrix AZ-ary phase-shift keying (PSK), an alternative representation
I, we derive the recursion Pr{e|vapc}, involving a definite integral witHinite limits, is

i i given by [18], [19], [24]-[27]
Vi) = <—7;(\r)”1[1\f1> = <T§rBI;(\r),VN>

1 /® CNn
<T{yBI](\7;+1) VN> —i—EV 12 Pr {empsklyanc} = ;/ eXP(- S]\i;r;sg ’YGDC> df (21)
7 7 ) V i @ 0

-

-~

=Yit1 WhereCMps}( = SiHQ(W/M) and® = 7T(M — 1)/M Substi-
/ , i1y tuting (21) into (7), the SEP for MPSK becomes
whereyy 11 20 (or equwalentlylj(\f\ 2 0) and(I'/#)V; can 9(21) %
be interpreted as the “difference between the adjacent ordered \psx 1 ®]E CMPSK o
instantaneous SNR'’s.” This implies that< V,, < oo. Since e,GDC — - , eve exp | — Sn20 piesnle
the virtual branch transformation is linear &figs is an upper 1 [© foo ‘
. - . MPSK
triangular matrix, = —/ / exp <— — ’Y) frape (7)dvdo.
7 Jo Jo sin“ @
N ;
r r» (22)
n=1 ) Note that the inner integral of (22) is the c.f.fpc evaluated
where| - | denotes the determinant [23]. Note also that at+j(empsi/ sin’ ), and the SEP analysis that uses the .. of

1 1 the combiner output SNR can be found in [19].

T <1N,')'[NJ> =T (Typln,VN) =N, Vy). (14) Although, the evaluation of (22) involves a single integration
o ) ) _ for averaging over the channel ensemble, it requires the knowl-

Substituting (13) and (14), in (11) together with (6), the joinkgge of the pdf (or equivalently the c.f.)gfpc. Alternatively,

pdf of V1, V3, ..., Vv becomes we substitute (21) into (8), and the SEP for MPSK becomes
—(Iyvww) < < e
N c ) S Up <0 1 CN
4 nfn=1) = 15 MPSK _ = _ CMPsK
v (fondils) {0’ otherwise, D) PMERE = /0 By} {exp< g @ 7m>) } dé
Therefore (23)

N 1 /G/OO/WM/A/W” < CMPSK< >)
: ‘ == oxp(— =5 (@, 7y
fvyx (on 2‘:1) = H T, (vn) (16) 7™ Jo Jo Jo Jo sin” @ [N
= N
=t X foig ({’Ym}i:l) dyiny - dyprdypdd. - (24)

Note in (24) that, since the ordered physical branchesare
e, 0<v< longer independent, direct use of the methods given in [21] and

(17)

v (v) = {0’ otherwise. [22] requires anV-fold nested integration for the expectation

where fy. (-) is the pdfV,, given by
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operation in (23). This is alleviated using the virtual branch tech- Note in passing that the two signal constellations for MQAM
nique by substituting (21) into (20) as and MPSK coincide whed = 4, and hence their respective
performance obtained from our virtual branch analysis are ex-

PNTSK — / Eq.) {eXp< OMISK (1, BVN>> } 4o Ppected to be the same. Using the fact that the integrand in (29)
sin” 6 is even symmetric about/2 in 4, it is easy to verify that (29)

with 4-QAM is identical to (27) 4-PSK.
CMPSK t
<TVB0" 11N>
sin” #

l1l. A PPLICATION OF GENERAL THEORY

X H fv, (vs)dv, db. (25) The results given in (27) and (29) of Section II-C are for the
= SEP for coherent detection of MPSK and MQAM, respectively,
using N-branch GDC in Rayleigh-fading channels. Thgés in
(27) and (29) depend on the selection veetorhe results ob-
tained in (27) and (29) argeneralin the sense that they apply
PQ\IGPSE == / H Ey;, {eXP< CMPSK; ) } do to a variety of diversity combining systems that fit the form of
St (2), including H-S/IMRC, SD, and MRC. In the following, the
1N eMpsKbn general theory derived in Section II-C is used to evaluate the
/0 H s <_—> df (26) performance of H-S/MRC, SD, and MRC.

Exploiting the fact thaV;,'s are independent, (25) becomes

sin? @

whereb,, is thenth element o = T%,za. The powerfulness A. SEP’s With H-S/MRC
of the virtual branch technique is apparent by observing thatThe instantaneous output SNR of H-S/MRC is

the expectation operation in (23) no longer requiresvafold

L
nested integration.
-S/MRC = i 30
Substituting (18) into (26) gives VH-S/MRC ; ] (30)

wpsk _ 1 e N «in2 @ wherel < L < N. Note thatyy-s,mrc = Yanc With
P ape = b 79 do. (27) .
nl LOMPSKOn + S a=[1,1,...1,0, ..., 0], (31)
———
Thus the derivation of the SEP for coherent detection of MPSK L terms

usingV-branch GDC, involving theéV-fold nested integrals in |n this case,
(24), essentially reduces to a single integral oevith finite

limits. The integrand is aV-fold product of a simple expres- { L, n< L

sion involving trigonometric functions. Note that the indepen- bn = (32)
dence of the virtual branch variables plays a key role in simpli-
fying the derivation.

2) SEP for MQAM With GDC:For coherent detection of

squaredM -ary quadrature amplitude modulation (QAM) w
M = 2% for evenk, Pr{c|yvrc} is given by [22] MDSK 1 [© sin2 9
e,H-S/MRC — /0 { }

cvpskl + sin? 6

L .
I'—, otherwise.
n

Substituting (32) into (27) of Section II-C, the SEP for MPSK
with H-S/MRC can be easily obtained as

L

1 77/2
Pr{emqam|yapc} Iq—/ exp< M’VGDQ) dé ‘ ,
T Jo sin” € y H sin2 @ 6. (33)

29 /4 CMQAN L
. / exp <—&2MWGDC> de n=L+1 | eppsk D= + sin? @
0 sin” @ n

(28) Similarly, the SEP for MQAM with H-S/MRC can be obtained
whereq = 4(1 — (1/v/3), andeyoan = 3/(2(M — 1)), by substituting (32) into (29) of Section II-C as

Using the virtual branch technique, similar to the steps used for MOAM 1 [7/2 «in2 6 L
MPSK, the SEP for MQAM becomes P m-s/vre =7 extoanT +sin6
0 TIQAN
; 1 /2D sin” 6 N .
pMQAM _ 2 / 4o sin” @
=GDC = Iy 0 };[1 evqamby + sin® 6 X H T do
4 N n=L+1 CMQAMF_ + sin? 6
@1 [ sin” 6 n
T4 2| %0 (29) 21 /4 in? 6 g
T Jo o} CMQAMbn + sin® 6 a1 / 5
4 7 CMQAMF + SiIl2 0

Again, the derivation of the SEP for coherent detection of

MQAM using GDC in Rayleigh fading reduces to two terms, sin2 @

each consisting of a single integral ow&involving trigono- x 11 JA— do. (34)
metric functions with finite limits. n=r+1 | emQaml'— +sin” 6
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B. SEP’s With SD Similarly, the SEP for MQAM becomes
SD is the simplest form of diversity system whereby the re- ’ 1 /2 ¢in? @ N
ceived signal fromoneof N diversity branches is selected [4]. ng‘,%;:é“ =q- / { T o2 9} 6
The output SNR of SD is o lemQaml +sin N
/4 '
R - B q_l/ [ sin” @ } 40
7sp = max{yi} =) (35) 17 )y Lovoanl +sinZ6
A SMQAN
Note thatysp = vepc with @ = I{. In this casep, = :Pel\j\%RCM(Nv ). (40)

L/nforn=1,..., N,and substltutmg this into (27) and (29)
of Section II- C the SEP for coherent detection of MPSK a
MQAM using SD becomes

e result of (40) is the SEP for coherent detection of MQAM
ing MRC withV independenibranches havingqualaverage
SNR’s of[" in Rayleigh fading, and therefore a closed-form ex-
pression for (40) can be found in [32]. Note again that (40) is

PMPSK _ 1 ° 5 sin” f d0 36 equivalent to the SEP fainglebranch reception of MQAM in
esb 1 (36)  Nakagami fading with fading parametaf having an average

0 321 | enpskl = + sin? @ g g gp g g

n SNR of NT' [29]-[31].
and Since MRC is a special case of H-S/IMRC with= N, (39)
1 72 N 2 and (40) can also be obtained from the H-S/MRC results of Sec-
phaAM :q—/ I1 S do tion Il-A by setting L = N in (33) and (34).
) 7 Jo

1
n=1 CMQAMF_ + SiIl2 0
n IV. CANONICAL FORM FORSEPs

¢l /'77/4 - sin” 0 g A Canonical Form for SEP's With GDC
47 Jo o CMQAMFE +sin26 The quest for obtaining insights from (27) and (29) is at its
n (37) peak, which leads to an expansion for the integrand in (27). Let

{b,,} be the set ofV distinctvalues of{b,, } where eaclh,, has
respectively. Since SD is a special case of H-S/MRC ite  algebraic multiplicity;.,, such thatzz;l in = N.Then (27)

1, (36) and (37) can also be obtained from the H-S/MRC resufsd (29) can be rewritten as
of Section IlI-A by settingL, = 1 in (33) and (34).

MPSK _ 1 ° X sin” 4 .

o P! _—/ [ - } do  (41)

C. SEP’s With MRC SPC T 1 o 711;[1 emMpsKbn + sin’ @
In MRC, the received signals froall diversity branches are
weighted and combined to maximize the SNR at the combiner N
output [4]. The output SNR of MRC is voan 1 728 inZ @ o
Poepe =4- 7 3 df
A N N N T Jo 1 CMQAMbn + sin“ @
TMRC = Z% = Z'Y[i}- (38) u
i=1 i=1 ¢ 1 /77/4 i sin” 6 o
Note thatymrc = Yapc Wlth a = 1].\r..|n this casel, IF for 47 Jy ol CMQAMgn + sin? 6 '
n = 1, ..., N, and substituting this into (27) of Section II-C, (42)
the SEP for MPSK becomes .
o 20 N Lettingz = 1/sin?# andc,, = 1/cyvpskbn, the integrand
PMDSK — 1 / {LQ} 4o in (41) fits into the expression of (53) of the Appendiklsing
7 Jo Lempskl +sin®6 the canonical expansion formula given in (54) of the Appendix,
PC}\%\II’IS{Ié( N,T). (39) (41) can be rewritten as

Specifically (39) is the SEP for coherent detection of MPSK g Z iA sin” 6 * 5
using MRC withV independenbranches havinggqualaverage Feane = ko CMPSKgn + sin2 6
SNR’s ofl" in Rayleigh fading, and therefore a closed-form ex- n=lh=l ’ (43)

pression for (39) can be found in [28]. Comparing to the SEfhere the weighting coefficients,, ;, are given by (55). Com-
expression given by [29, eq. (24)], we note that (39) is equigaring (43) with (39)

alent to the SEP fosinglebranch reception of MPSK in Nak-
agamisn fading with fading parameté¥ (i.e.,m = N) having pMPSK PMPSK (1 ]
an average SNR a¥I [29]-[31]4 Fanc = Z Z An kPenrc (ks bn)- (44)
n=1 k=1
4This is due to the fact that pdf 62/T") varc is chi-squared distributed with L .
2N degrees of freedom, and, therefofec is equal (in distribution or law) |NtEresting insights can now be obtained from (44). The SEP

to the square of the Nakagami random variable with= N and meanVT.  for MPSK using/N-branch GDC in Rayleigh fading is simply
The fading parameter of Nakagami fading, usually denoted by the symajis|

also known as fade parameter, fading severity factor, fading figure, or (inversePAlthough, there are numerous ways to expand the product of polynomials,
fading-depth parameter. we have chosen a specific one that leads to the canonical structure given by (44).
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the weighted sum of the elementary SEP’s. The weighting ¢ ' ' 1 ' T ' * ' v v ,
efficients A, 5 are given by (55), and the elementary SEP’s fc '
the (n, k)-entries are simply the SEP’s for the coherent dete
tion of MPSK using MRC witht independenbranches having
equalSNR'’s ofb,, in Rayleigh-fading, or equivalently the SEP
for singlebranch reception of MPSK in Nakagami fading with
fading parameter equal tohaving an average SNR &b, .
Similarly, (42) can be rewritten as

MQAM N /2 sin’ @
PeC?DC —ZZAnkq / =

3
i emQambn + sin” 6

.

k
de

Symbol Error Probability (SEP)
A )

=

N pn . k
- g1 w/4 sin? 6

_ZZAn,kZ— ——— | .

el ket TJo | emqamby +sin” 6

(45)
10-6 1 | i 1 1 i Il ( ) 1
Therefore, -2 0 2 4 6 (Slez Wbmlgh - 12 n 16 18 20
B

PpMQAM _ A PMQAM kb 46) Fig. 1. The symbol error probability for coherent detection of 8-PSK with

e,GDC z:l kzl ke MRC ) ( ) H-S/MRC as a function of average SNR per branch in decibels for vafious

n=—

L with N = 4. The curves are parameterized by differenLI#4 starting from
Note that a similar structure, namely, “linear combination of th@e highest curve representing H-1/4, and decrease monotonically to the lowest

simple elementary SEP’s,” is evident from (46) for MQAM.  curve representing H-4/4.

B. Canonical Forms for SEP’s With H-S/MRC 10
For H-S/IMRC, it can be seen from (32) that the number ¢ :

distinct values of b, } is N = N — L + 1. The distinct values o} TSR3

of b,,s are given by

H-1/8
H-L/8
H-8/8]

Substituting (47) and (48) into (44) and (46) of Section IV-A
we arrive at the SEP’s for coherent detection of MPSK an
MQAM with H-S/MRC, which are given, respectively, by

L, n=1 & 10 . 4
by, = L - 47) ¢ i
’ r————, n=2,...,N “7) g :
L+n-1 3 :
ne-m-’ 4
and their multiplicitiesu,,s are given by g ;
Lz (s ! 5
n = ~ & 10 : B
o 1, n=2,...,N. :

10° L
8 0 18 20
PMPSK MPSK  branch,
e HSS/MRC = ZAI [ MIS{C ) (N perbranch, 4B
I Fig. 2. The symbol error probability for coherent detection of 8-PSK with
L pMPSK L H-S/MRC as a function of average SNR per branch in decibels for vafious
+ Z A, 1 e,MRC 1. N— with N = 8. The curves are parameterized by differenf.li8 starting from
L+n-1 the highest curve representing H-1/8, and decrease monotonically to the lowest
(49) curve representing H-8/8.
Pj?‘g}\ﬁmc > A PY RS T) multiplicities are given bys, = 1forn = 1, ..., N. Substi-
k:l tuting these values into (44) and (46) of Section IV-A, the SEP’s
—L+1 I for coherent detection of MPSK and MQAM with SD becomes
+ Z A 1PMQAM T
n ,MRC L+n—1

r
(50) Posp" = Z Ap 1 PENGRG ( ) (51)

The canonical structure for SEP with H-S/MRC is evident frorand

(49) and (50) as a linear combination of the simple “elementary MOAM ‘ MOAM r

SEP’s,” as for the case of GDC in (44) and (46) of Section IV-A. PYEM =34, PNHS <1’ g) (52)
1

C. Canonical Forms for SEP’s With SD ) respectively. Note again that the SEP for SD is simply a
For SD, the number of distinct values §8,, }, NV, is equal weighted sum of the elementary SEP'’s, as for the case of GDC
to N. The distinct values arg, = I'/n and the correspondingin (44) and (46) of Section IV-A. Since SD is a special case
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Fig. 3. The symbol error probability for coherent detection of 8-PSK witlrig. 5. The symbol error probability for coherent detection of 16-QAM with
H-S/MRC as a function of average SNR per branch in decibels for vafibus H-S/MRC as a function of average SNR per branch in decibels for vafious
with L = 2. The curves are parameterized by different B2tarting from with N = 4. The curves are parameterized by differenf.i#4 starting from

the highest curve representing H-2/2, and decrease monotonically to the loviksthighest curve representing H-1/4, and decrease monotonically to the lowest
curve representing H-2/8. curve representing H-4/4.

H-1/8
H-L/8
H-8/8| |

Symbol Error Probability (SEP)
Symbaol Error Probability (SEP)

2 4 6 8 10 12 14 16 18 20 22 24

12 14 16 18 0 T (SNR per branch, dB)

-2 0 2 4 6

8 10
T (SNR per branch, dB)

i i ; +Fig. 6.  The symbol error probability for coherent detection of 16-QAM with
Fig. 4. The symbol error probability for coherent detection of 8-PSK witf19 . . s
H-S/MRC as a function of average SNR per branch in decibels for vaibus H_'S/MVRC as a function of average SNR per branch in decibels for vafious
with L = 4. The curves are parameterized by different B¢4dtarting from With V' = 8. The curves are parameterized by differenLif starting from

the highest curve representing H-4/4, and decrease monotonically to the IovwgthighESt curve representing H-1/8, and decrease monotonically to the lowest
curve representing H-4/8. curve representing H-8/8.

pper and lower bound, respectively, the SEP for H-S/IMRC. It
seen that most of the gain of H-S/MRC is achieved for small
, €.9., H-S/IMRC is within 1.1 dB of MRC wheh = N/2.
Figs. 3 and 4 show the SEP for coherent detection of 8-PSK
versus average SNR per branch for variddsvith L = 2 and
L = 4, respectively. Note that, although the incremental gain
In this section, the results derived in the previous section faiith each additional antenna becomes smalleivascreases,
H-S/MRC are illustrated. The notation H/N is used to denote the gain with each additional antenna is still significant even
H-S/MRC that selects and combinBsut of N branches. Note with N = 8. The results also show that, at a F0SEP, H-2/8
that H-1/1 is a single branch receiver, andH~N and HN/N  requires 12.5 dB lower SNR than 2-branch MRC, and H-4/8
are N-branch SD and MRC, respectively. requires 4.5 dB lower SNR than 4-branch MRC.
Figs. 1 and 2 show the SEP for coherent detection of MPSKSimilar results for coherent detection of MQAM wifld =
with M = 8 (8-PSK) versus average SNR per branch for variod$ (16-QAM) are plotted in Figs. 5-8. These results show the
L with N = 4andN = §, respectively. Note that SD and MRCsame characteristics as 8-PSK illustrated in Figs. 1-4 except

of H-S/IMRC with L = 1, (51) and (52) can also be obtained’
alternatively from the H-S/MRC results given by (49) and (5d
of Section IV-B by setting. = 1.

V. NUMERICAL EXAMPLES
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a novel “virtual branch” technique which resulted in a simple
derivation of the SEP foarbitrary L and V. The key idea
was to transform the dependent ordered-branch variables into
v a new set of i.i.dvirtual branches and express the combiner
S output SNR as a linear combination of the i.i.d. virtual branch
DN R e SNR variables. We further obtainedcanonical structurefor

' % the SEP of H-S/IMRC as a weighted sum of the elementary
SEP’s. The elementary SEP’s are the SEP’s using MRC with
i.i.d. branches in Rayleigh fading, or equivalently the SEP’s of
the nondiversity (single-branch) system in Nakagami fading,
whose closed-form expressions are well-known. Numerical
: : : : _ : : results for 8-PSK and 16-QAM showed that H-S/MRC, even
) S E S S NN N | with L <« N, can achieve performance close to that of

S N\ N-branch MRC.

Symbol Error Probability (SEP)
3
T
/
33
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2 4 6 8 10 12 14 16 18 20 22 24
T (SNR per branch, dB)

Fig. 7. The symbol error probability for coherent detection of 16-QAM with
H-S/MRC as a function of average SNR per branch in decibels for varibus
with L = 2. The curves are parameterized by different A 2Ztarting from

the highest curve representing H-2/2, and decrease monotonically to the lowest

curve representing H-2/8.

The canonical expansion of

Cn

(53)

=11 (222)"

n=1

where the{—c, } are theNV distinct poles off(z), each having
algebraic multiplicity..,,, in terms of the elementary functions

1 of the forme, /(¢, + ), is
k
Cn
<cn+$> '

H-4/4
H-4/5-§

N pin

o f(x) _ Z ZAn,k

n=1k=1

(54)

“1  The coefficients of the canonical expansion are given by

Symbol Error Probability (SEP)

z _ 1 fo— ke
S An,k—mfrg )(0),
n=1,....,N, k=1,...,un (55)
%
\%\ where f,(Lk)(O) denotes théth derivative off,, (z) = & f(x —
' *\\ ¢,) evaluated at = 0.
2 4 6 8 10 12 14 16 18 20 22 24
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