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MRC Performance foA/-ary Modulation in
Arbitrarily Correlated Nakagami Fading Channels

Moe Z. Win, Senior Member, IEEEGeorge ChrisikadMember, IEEEand Jack H. Wintegd=ellow, IEEE

Abstract—We derive the symbol error probability for co- In these cases, closed-form expressions for the performance of
herent detection of several types ofM -ary modulation schemes MRC are not previously available in the literature.
using maximal ratio combining. We consider Nakagami fading In this paper, we derive exact symbol error probability (SEP)

channels, where the instantaneous signal-to-noise ratios of the . f h t detecti f | tvped/oh
diversity branches are not necessarily independent or identically EXPressions 1or CONErent Getection or several type ry

distributed. The proposed problem is made analytically tractable Modulation schemes using MRC with an arbitrary number of
by transforming the correlated physical diversity branches into diversity branches. We consider correlated Nakagami fading

independentvirtual branches channels with integer-order fading parameters, where: 1) the
Index Terms—Correlated Nakagami fading, diversity com- instantaneous SNR’s can be arbitrarily correlated; 2) the SNR
bining, error probability, maximal ratio combining. distributions can be from different Nakagami families, i.e.,

the fading parameterns are not necessarily equal; and 3) the
average SNR'’s (averaged over the fading) of the branches are

not necessarily equal.
AKAGAMI fading channels have received considerable

attention in the study of wireless systems [1]-[4]. Results II. DIVERSITY COMBINING ANALYSIS
have shown that the Nakagami distribution (also known as the o
“m-distribution”) provides greater flexibility in matching ex-A- Preliminaries
perimental data collected in a variety of fading environments With MRC, the received signals from multiple diversity
[5] branches are cophased, weighted, and combined to maximize
Analysis of maximal ratio combining (MRC) in Nakagamithe output SNR. The instantaneous output SNR is given as
fading has typically assumed that the diversity branches are g = Ei\;l ~:;, WhereN is the number of available diver-
dependent [1], [3]. Consideration of correlated fading has besity branches and; denotes the instantaneous SNR of ttie
limited only to dual-branch diversity (see, for example, [1])diversity branch. The instantaneous SNR can be expressed as
with the exception of [4], [6]. The studies in [4], [6], though,y, 2 42E, /Ny, whereE, is the average symbol energy, and
considered only binary modulation with the assumption f; is the instantaneous fading amplitude a¥Ng} is the noise
equalm as well as equal average signal-to-noise ratios (SNRsdwer spectral density of thi¢h diversity branch.
among all diversity branches. For a correlated Nakagami fading channel, the marginal prob-
However, in some cases the average SNR is not necessagiility density function (p.d.f.) ofy; is Nakagami distributed
equal for all branches and the fading statistics can also be difid thus the marginal p.d.f. of is given by
ferent for each diversity branch. Examples of unequal average .
SNR and/or fading statistics include: 1) angle diversity using g () = b <ﬁ) pmi—Llg=mix/T; 1)
multiple beams where the average signal strength and fading ' DP(mi) \ T
statistics can be different in each beam; 2) polarization dive{heren:; denotes the Nakagami family, and the average SNR is
sity with high base station antennas where for a vertically-pp- — IE{~;}. Note that the;’s can be from different Nakagami

larized transmitter, the average received signal strength at fhgilies, wheren; andT'; are not necessarily equal among the
horizontally-polarized antenna is typically 6-10 dB lower thagranches.

at the vertically-polarized antenna; 3) macrodiversity, where the
shadow fading is different at each antenna and different lo@l The Virtual Branch Technique
scattering conditions can lead to different fading statistics; and

4) Rake receivers, where the distribution of signal power atdifféding is, in general, cumbersome and complicated. This is

ferent delay is not uniform and the first arriving multipath com-, "~ ) : )
. ; lleviated in the following by transforming the dependent
ponent is more likely to be specular than the later componen i . ; . :
physical branch variables into a new set of independental
branchesand expressing the combiner output SNR as a linear
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I. INTRODUCTION

Conventional analysis of MRC in correlated Nakagami
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my <mg < -+ <my. LetX; be2m,; x 1 vectors defined by TABLE |
X, A [Xi,lXi,Q . 'Xi,ani]ta fori = 1,2, -+, N, where(-)t PARAMETERS FORSPECIFICMODULATION SCHEMES
denotes transpose and the elemefitg are independent and [K] a0 [ ¢x(9)sin’(§) | Ox/m
identically distributed (i.i.d.) Gaussian random variables witt MPSK 1 1 sn? (Z) (- 2)
zero mean and variand8{X?,} = (I';/2m;). We introduce MQAM | 2 | 4(1- %) . 1/2M
T 2(M-1
the Dy x 1 vectorX defined byX 2 (X Xi---XL]', where —a(1- ﬂ)z 3 1/4
Dy = YN 2m;, with covariance matrix given byxy = MPAM | 1 51 _‘/g) 2] 172
IE{X X'}. The correlation among the elements%fis con- BFSK 7 I M Mi"l 1
structed such that S —21
r; it — iandk =1 BFSKnin | 1 1 (§+§) 1/2
3m; ITe =7 andk = DE-BPSK| 2 2 1 1/2
Pi, i\ g 3y 14 #  but =2 1 1/4
E{X; X, = h=l=1.2 .. MSK | 2 2 1 1/2
x2min{m;, m;} -1 1 1/4
0, otherwise.

It can be shown that the relationship between the covariance ofvaluation of the SEP can be accomplished using the tech-
~; andvy; and the correlation of the elements®fis given by  njques of [12] by substituting the expression fagrc directly

B RY R . - in terms of the physical branch variables and averaging their
P a B{(vi - L0y — )Y _ mln{?m’m]}pi2 o jointp.d.f. £, ({7 HY,), which gives
o Vvar{yitvar{y;} max{m;, m;}" "’ P N
k o0 o0 o0 v
(2) P = Z/ ak(e)/ / / exp <—¢k(9) Z %‘)
Let {\;} be the set of_ distincteigenvalues of{x where k=170 0 Jo 0 i=1

each); has algebraic multiplicity:; such thatzl"=1 i = Dr. % AN Y dvnr - - - drvodry dB. 4
By using the Karhunen—Loeéve (KL) expansion of the vecior S ({ikiza) s it )

the combiner output SNR can be writtea a@mcé ZIL=1 XV,

Note in (4) that, since the physical branches@reelated di-
rect use of the method given in [12] requires/@rold integra-

M L ” " H H H H
where the notation=" denotes “equal in their respective dis+jon This can be alleviated by expressingrc in terms of the
tributions” (or “Laws”) [9], and the virtual branch variabl&$ ;i tyal branch variables as:

areindependenthi-squared random variables with degrees K e, I
of freedom. Thergfore T/iéhaiacterlstlc funcf:u/(;n (cfypls p — Z / an(0)E v, {exp <_¢k(9) Z AM) } do
given by, (i) = E{et?*V1} = 1/(1 — 2j)*/=. k=170 =1

K EH I
[ll. SEP OvER THE CHANNEL ENSEMBLE - Z / ax(6) H Py, (—pr(0)A;) db, (5)
The SEP for MRC in correlated Nakagami fading is obtained k=1 "0 =1 _
asP. = E., .. {Pr{e/wrc}}, where for a general class ofwhere we have used the fact that thés are independent. The

modulation schemes effectiveness of the virtual branch technique is apparent by ob-
K o serving that the expectation operation in the above equation no
Pr{elnirc} =Y / ap(B)e~#@mime gg - (3)  longer requires atv-fold integration.
k=170 Substituting the c.f. o into (5) gives
where ax(6), ¢r(6) and ©, are parameters particular to the K o L 1 /2
specific modulation format and are independent+@frc. P = Z / ar(0) H [W} de. (6)
Table | lists these parameters for some common coherent mod- k=1"0 1 LT ()
ulations? M-ary phase shift keying (MPSK)}/-ary square Thus the derivation of the SEP using-branch MRC in corre-
quadrature amplitude modulation (MQAM) wiff = 2! and! lated Nakagami fading reduces to a single integral with finite
even,M-ary pulse amplitude modulation (MPAM), binary fre-limits, where the integrand is ab-fold product of simple ex-
quency shift keying (BFSK), BFSK with minimum correlationpressions.
(BFSK..i4), coherent detection of differentially encoded BPSK
(DE-BPSK), and precoded minimum shift keying (MSK) [10], IV. SPECIAL CASES

[11]. In this section, we study some special cases of the results ob-

2A similar technique employing a frequency-domain KL expansion was ust@ined in the previous S?Ction- EOI’_ e_a!Ch case, we list the eige_n-
in [7] to study diversity combining in a frequency-selective Rayleigh-fadingalues and corresponding multiplicities, which can be substi-
channel. Another technique similar to the KL expansion was also used in [8] ; ;
study the reception of noncoherent orthogonal signals in Rician and RaylchE;%tecJ into (6) to obtain the SEP.
fading channels.

3Since MRC requires channel phase estimates, it is generally used in c'gh- Single-Branch Reception (Without Diversity)
junction with coherent modulation schemes. If channel phase estimates are ngtqy single-branch receptiotV( = 1), Kx is a2m; x 2m;

available, then one may resort to diversity combining techniques such as posgie- | ix havi | . U 1) ai b
tection equal gain combining with noncoherent or differentially coherent modl@gonal matrix having only one eigenvalue & 1) given by

ulation. A= ]E{xij} = I'y /2m, with multiplicity 1 = 2m;.
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B. Independent Channels 3

All EqualT’; /m;: In this caseKx is aDr x Dy diagonal
matrix having only one eigenvalud.(= 1) given by A\; =
[’y /2m4 with multiplicity 41 = Dy. Note that this includes
the conditionrm; = m andl’; = I.

All Distinct I'; /m;: In this case K x hasN distinct eigen-
values given by, =T';/2m,;, I =1, ---, N, each with multi-
plicity 1; = 2m;. Note that this includes equaid;’s but distinct
I';'s.4 }

ok

el L

C. Correlated Channels

Dual-Branch Diversity: Consider dual-branch MRC with
parameter pairén,, I'y) and(m, I';) and covariance., , =

(m1/m2)p?. In general, there are three distinct eigenvalue
(L = 3) given by

Iy
2m1
1 I
2m2

3

2
1— 2
5 ) (1-p%)
with multiplicities 1y = 2 = 2my, andiz = '3 /2m, with
mU'tIp'lClty 3 = 2(m2 - ml).
Identical Channels with Arbitrary CorrelationConsider
N branch MRC with arbitrary.,.,., where them;’s andl';'s
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The symbol error probability for QPSK with MRC as a function of

the average SNR per branch for: (a) i.i.d. Nakagami channelsmwits 1, 2

(b) identical Nakagami channels with exponential correlation where the

correlation coefficienp = 0, 0.5, 0.7 and 0.9 withm = 3.
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are equal for all branches. This includes the two special casellenberger, L. J. Greenstein, N. C. Beaulieu, and P. F. Dahm
considered in [4] with two specific correlation models, namelfpr helpful discussions.

equal correlation and exponential correlation. In this case, the
{\i}'s are the L distinct eigenvalues of the block-diagonal
covariance matrix havingm identical N x /N diagonal blocks

given by g
1 P1,2 P1,N
1 ) [2]
I P1,2 P2,N
= om : ")
: [3]
PLN  P2,N 1
wherep; ; are determined from a given,, -, by (2). 4]
V. NUMERICAL EXAMPLES AND CONCLUSIONS
[5

The SEP results for coherent detection of QPSK using
N-branch MRC in Nakagami fading are graphically displayed [€]
in Fig. 1. Fig. 1(a) displays the case for i.i.d. Nakagami
channels with equain, as well asl’, among all branches.
Fig. 1(b) depicts the case of identical Nakagami channels with
exponential correlation, where the correlation matrix given by
(7) has elementg; ; = pli=91/2,

In conclusion, we derived the exact SEP using the virtual
branch technique for coherent detection of several types of
M-ary modulation with MRC in arbitrarily correlated Nak- [9]
agami fading channels. This work obviates the need for Iengtr(ljhﬁo
derivations in separate scenarios with different numbers ]
diversity branches and correlation models, as our results give a
simple prescription for evaluating the exact SEP performancgil
The results extend previously-derived results to cover numerous ]
additional useful cases.

(7]

(8]

[12]
4This case was analyzed in [3] by approximating the sum of the squares of
Nakagami r.v.'s by a single Nakagami r.v. with appropriate parameters. This
approximation becomes exact when fhés are all equal.
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