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Abstract— In this paper, we use a virtual branch tech-
nique to derive ezact expressions for the symbol error prob-
ability (SEP) of hybrid selection/maximal-ratio combining
(H-S/MRC) in a multipath fading environment. We con-
sider coherent detection of M-ary phase-shift keying and
quadrature amplitude modulation for the case of indepen-
dent Rayleigh fading with equal signal-to-noise ratio aver-
aged over the fading on each diversity branch. We fur-
ther obtain a canonical structure for the SEP of H-S/MRC
as a weighted sum of the elementary SEP’s, which are the
SEP’s for MRC of independent and identically distributed
branches, whose closed-form expressions are well-known.

I. INTRODUCTION

Hybrid selection/maximal-ratio combining (H-S/MRC)
(see for example [1], [2], [3]) is a reduced complexity diver-
sity combining scheme, where L (with the largest signal-
to-noise ratio (SNR) at each instant) out of N diversity
branches are selected and combined using maximal-ratio
combining (MRC). This technique provides improved per-
formance over L branch MRC when additional diversity is
available, without requiring additional electronics and/or
power consumption.

In previous papers [2], [3], we derived the mean and vari-
ance of the combiner output SNR of H-S/MRC for any L
and N under the assumption of independent Rayleigh fad-
ing on each diversity branch with equal SNR averaged over
the fading. This was performed using a “virtual branch”
technique which simplified the derivations.!

In this paper we extend [2], [3] to derive analytical ex-
pressions for the SEP with H-S/MRC. The proposed prob-
lem is made analytically tractable by: 1) transforming the
physical diversity branches into the “virtual branch” do-
main as in [2], [3]; and 2) using alternative definite inte-
gral representations of the conditional SEP’s with finite
limits for MPSK and MQAM; which results in a simple
derivation of the SEP for arbitrary L and N. We fur-

1We also used the virtual branch technique in {4] to derive the sym-
bol error probability (SEP) for coherent detection of M-ary phase-
shift keying (MPSK) and quadrature amplitude modulation (MQAM)
using MRC with an arbitrary number of diversity branches in cor-
related Nakagami fading channels, where the instantaneous SNR’s
of the diversity branches are not necessarily independent or identi-
cally distributed. In [5], we extended the results of [4] and obtained
canonical structures for the probability density function (p.d.f.) of
the combiner output SNR, SEP with coherent detection, and outage
probability.
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ther obtain a canonical structure for the SEP of H-S/MRC
as a weighted sum of the elementary SEP’s, which are
the SEP’s for MRC of independent identically distributed
(i.i.d.) branches, whose closed-form expressions are well-
known.

In Section II, we derive the SEP for general diversity
combining and apply these results to H-S/MRC in Section
III. The canonical forms for SEP’s are derived in Section
IV. In Section V, we present numerical examples. Conclu-
sions are given in Section VI.

II. DiversiTY COMBINING ANALYSIS
A. Virtual Branch Technique: The Key Idea

The analysis of H-S/MRC based on a chosen ordering
of the branches at first appears to be complicated, since
the SNR statistics of the ordered branches are not inde-
pendent. Here, we alleviate this problem by transform-
ing the ordered-branch variables into a new set of i.i.d.
virtual branches, and expressing the ordered-branch SNR
variables as a linear function of i.i.d. virtual branch SNR
variables. The key advantage of this formulation is that it
allows greater flexibility in the selection process of the or-
dered instantaneous SNR values, and permits the combiner
output SNR to be expressed in terms of the i.i.d. virtual
branch SNR variables. In this framework, the derivation of
the SEP of H-S/MRC, involving the evaluation of nested
N-fold integrals, essentially reduces to the evaluation of a
single integral. The well-known results for selection diver-
sity (SD) and MRC are shown to be special cases of our
results.

B. General Theory

Let ~; denote the instantaneous SNR of the it diversity
branch defined by v; £ a?E,/Noi, where E; is the average
symbol energy, and «; is the instantaneous fading ampli-
tude and Ny; is the noise power spectral density of the 7t
branch. We model the «;’s as i.i.d. Rayleigh random vari-
ables (r.v.’s) and thus ;’s are i.i.d. continuous r.v.’s with
exponential p.d.f. and mean I' = E {y1}.

Let us first consider a general diversity combining (GDC)
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with the instantaneous output SNR of the form
N
YGDC = Zﬂi'Y(i) )

i=1

ey

where a; € {0,1}, ) is the ordered v;, i.e., y1) > v2) >

. > Yy, and N is the number of available diversity
branches. It will be apparent later that several diver-
sity combining schemes, including H-S/MRC, turn out to
be special cases of (1). Note that the possibility of at
least two equal (;)’s is excluded, since v3;y # ;) almost

surely for continuous random variables.? Denoting Yy =

(Y, Y@y - -+ »Y@vy)s the joint p.d.f. of y1y, ¥y, -+ (W)

is 2], 3]
f“I(N)({’Y(i)}:il) =

1N
e T Em=170m), Yy >v2) > >y >0
0, otherwise .

2)

It is important to note that the (;)’s are no longer inde-
pendent, even though the underlying v;’s are independent.

C. Symbol Error Probability for GDC over the Channel
Ensemble

The SEP for GDC in multipath-fading environment is
obtained by averaging the conditional SEP over the chan-
nel ensemble. This can be accomplished by averaging the
Pr{e|vapc} over the p.d.f. of the yapc as

Peape = Eqygpe{Pr{elvepnc}}

= [) Pr{elv} frepe (M), (3)
where Pr {ejygpc} is the conditional SEP, conditioned on
the random variable vgpc, and fyopo(+) is the p.d.f. of
the combiner output SNR [8], [9]. Alternatively, averaging
over channel ensemble can be accomplished, using the tech-
nique of [10], [11], by substituting the expression for ygpc

directly in terms of the physical branch variables given in
(1), as

1l

B P {ehose = e })

/OOO/OW(Q ) ./()"(N—N Pr {BJZ?LI ai’Y(i)} 4

N
X Fron v Yiey) dvavy - - dveydray -

PE,GDC

Since the statistics of the ordered-branches are no longer
independent, the evaluation of (4) involves nested N-fold
integrals, which are in general cumbersome and compli-
cated to compute. This can be alleviated by transforming
the instantaneous SNR of the ordered diversity branches,
(i), into a new set of virtual branch instantaneous SNR’s,
V..’s, using the following relation:

N
r

n=t

()

2In our context, the notion of “almost surely” or “almost every-
where” can be stated mathematically as: if N' = {v(;) = v(;)}, then
Pr{N} =0 {6], [7].
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It can be verified that the instantaneous SNR’s of the
virtual branches are i.i.d. normalized exponential random
variables with characteristic function given by

1
1—4v°

by, (jv) 2 E{et} = (6)

The instantaneous SNR of the combiner output can now be
expressed in terms of the instantaneous SNR of the virtual
branches as

N
Yapc = Z bV s

(7)
n=1
where the coefficients b, are given by
F n
n = - 7. . 8
bn = = ;a (8)

i=1

Using the independent virtual branches, the N-fold
nested integrals of (4) reduce to

P.cpc = ]E{vn}{Pr {el”/GDc =N, ann}} 9)

- /007000/0ao Pr{ell, bnvn}ﬁf‘/ﬂ () dvn -

For many important modulation techniques, it can be
shown that Pr {e|ZnN:1 ann} factors into a product of

N terms, where each term depends only on one of the V,’s.
We will illustrate this by the following two important ex-
amples.

C.1 SEP for MPSK with GDC
For coherent detection of MPSK, an alternative repre-
sentation Pr{e|yapc}, involving a definite integral with
finite limits, is given by [12], [13]
1 [® _oupsc,
Pr {CMPSKI’YGDC} = ;/ € sin?é WGDcdey (10)
0

where cypsk = sin?(n/M) and © = (M — 1)/M. Substi-
tuting (10) into (3), the SEP for MPSK becomes

L e —MESK yape
== Empc{e i } df

0
1 (] ©  ups
= [ [ e i )
0 o]

Although, the evaluation of (11) involves a single integra-
tion for averaging over the channel ensemble, it requires
knowledge of the p.d.f. of yapc. Alternatively, we substi-
tute (10) into (4), and the SEP for MPSK becomes

[} c
l/ E s Eihien | g
. wl

MPSK
Pe,CDC

PMPSK

e,CDC =
©  roopy V(N - SMESK v
= }./ //(1)/ o 1)(; sin? g Eiv=1“”(i) (12)
mJo JoJo 0
N ya d
x Tvony Qv by ) dvey - - drvaydyay 49
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Note in (12) that, since the ordered physical branches
are no longer independent, direct use of the methods given
in {10], [11] requires an N-fold nested integration for the
expectation operation in (12). This is alleviated using the
virtual branch technique by substituting (10) into (9) as:

1 [® e N
PUESE = = [ B fe WAL ap

e N
= %/ 1T %v. (—CML;‘;") a8,
[V S

where we have used the fact that V,’s are independent.

The usefulness of the virtual path technique is apparent

by observing that the expectation operation in the above

equation no longer requires an N-fold nested integration.
Substituting (6) into (13) gives

PMPSK _ 1 /e N Sin2 0 d0
e,GDC ™ T Jo CMPSKbn + sin2 % '

(13)

(14)

n=1
Thus the derivation of the SEP for coherent detection of
MPSK using N-branch GDC, involving the N-fold nested
integrals in (12), essentially reduces to a single integral over
# with finite limits. The integrand is an N-fold product of a
simple expression involving trigonometric functions. Note
that the independence of the virtual branch variables plays
a key role in simplifying the derivation.

D. SEP for MQAM with GDC

For coherent detection of MQAM with M = 2% for even
k, Pr{elvapc} is given by [11]

1 ™/ _SMQAM
Pr{emqamlrepc} = ¢ ;/ e” ¥ 1a0e g
0
2 w/4 .
_ qzl/ e——Q'g—I:inA;A’YGDcda, (15)
T Jo

where ¢ = 4(1—%), and cpMQaM = XIT}ZTi Using the vir-
tual branch technique, similar to the steps used for MPSK
in Section II-C.1, the SEP for MQAM becomes

17r/2N
:q;/O 11

n=1

pMQAM

{ sin? 0 ] &0
e,GDC emqambn + sin® 6

2 /a4 N in26
_ q_i/ 1 {Lz} d0. (16)
47 Jo et cMQambn +sin” @

Again, the derivation of the SEP for coherent detection
of MQAM using GDC in Rayleigh fading reduces to two
terms, each consisting of a single integral over 8 involving
trigonometric functions with finite limits.

III. APPLICATION OF GENERAL THEORY

The results given in (14) and (16) are for the SEP for
coherent detection of MPSK and MQAM, respectively, us-
ing N-branch GDC in Rayleigh-fading channels. The b,,’s
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in (14) and (16) depend on the choice of a;’s via (8). The
results obtained in (14) and (16) are general in the sense
that they apply to a variety of diversity combining systems
that fit into the form of (1), including H-S/MRC, SD, and
MRC.

A. SEP with H-S/MRC

In this section, the general theory derived in Section IT
is used to evaluate the performance of H-S/MRC. The
instantaneous output SNR of H-S/MRC is

L

VH-$/MRC = D Y(0) (17)
i=1
where 1 < L < N. Note that yy.s/Mrc = Yapc With
«={0 ormorie. 19
In this case,
bn = { ?%, Zt}?efwise. (19)

Substituting (19) into (14), the SEP for MPSK with
H-S/MRC can be easily obtained as

. L
PMPSK _1 /9 l_.______________SIHZ 0
e H-8/MRC 7 Jo |empskD + sin? 6
N 2
X sl (o)
ey CMPSKFF + sin“ @

Similarly, the SEP for MQAM with H-S/MRC can be ob-
tained by substituting (19) into (16) as

1 /2
proam 1 /
,H-S/MRC 7 Jo

L

sin? 4
CMQAMF + sin’ 6

N sin? 6
X —_— 1 df
n=1:,[+1 [CMQAMF% + Sin2 6:!
21 sin? g r
e /0 [CMQAMF + sin? 9]

o ﬁ { sin? @

L in2
neDt1 CMQAMF,, + sin“ 6

B. Special Case 1: SD

SD is the simplest form of diversity combining whereby
the received signal from one of N diversity branches is se-
lected [14]. The output SNR of SD is

N

} 9. (21)

sp = max {v;} = vq) - (22)
Note that SD is a special case of H-S/MRC with L = 1.
Substituting L = 1 into (20) and (21), the SEP for MPSK
and MQAM with SD becomes
1 e sin? 4
MPSK _ L
Pe,SD - T L H I:

— | df, 23
CMPSKF%—{-sinQH} ( )

n=1
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and
N .
MQAM _ l ~/2 11 sin? @ i
esSh 7r c 'L +sin%6
o 2 lemeamT'y
2 /4 N 22 0
q_l/ 1 |l—2—| s, (29)
47 Jy e CMQAMF;—L + sin“ 6
respectively.

C. Special Case 2: MRC

In MRC, the received signals from all diversity branches
are weighted and combined to maximize the SNR at the
combiner output [14]. The output SNR of MRC is

N
Z’Yz ZW(z‘)-

=1
Since MRC is a special case of H-S/MRC with L = N,

the SEP expressions for MPSK and MQAM with MRC are
obtained by setting L = N in (20) and (21) as

wesx _ 1 [°
PoMRC = —/0 {

YMRC = (25)

. N
sin? 6

—_— do
s empskl + sin® B:I

£ PARe(N,T), (26)
and
MQAM 1 /2 Sil’l2 9 N
PorMre = = ——| df
T Jo emqaml +sin“ 6
421/“/4{ sin? 6 }Nde
4 emqam!I + sin® 6
2 P\the (V). (27)

Specifically (26) and (27) are the SEP for coherent detec-
tion of MPSK and MQAM using MRC with N independent
branches having equal average SNR’s of I" in Rayleigh fad-
ing, and therefore a closed-form expressions for (26) and
(27) can be found in [15] and [16] respectively. Note that
(26) and (27) are equivalent to the SEP for single-branch
reception of MPSK and MQAM in Nakagami-m fading
with fading parameter N (i.e., m = N) having an aver-
age SNR of NT [4], {5].2

IV. CanNonNicaL ForM FOR SEP’s

A. Canonical Form for SEP’s with GDC

The quest for obtaining insights from (14) and (16) is at
its peak, which leads to an expansion for the integrand in

(14). Let {b,} be the set of N distinct values of {b, } where

each b, has algebraic multiplicity p,, such that E M =
N. Then (14) can be rewritten as
N sin? 0 F
PpMPSK
6 — A k — / [_'.'—A—‘ 3
ope nZ:l kE:l " 0 lempskbn +sin®é
: (28)

3The fading parameter of Nakagami fading, usually denoted by the
symbol m, is also known as fade parameter, fading severity factor,
fading figure, or (inverse) fading-depth parameter.
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where the A, ’s are weighting coefficients of the expansion.
Comparing (28) with (26)

N pn
PXESE =D > Ans PARG(K,02). (29)
n=1k=1
Interesting insights can now be obtained from (29). The

SEP for MPSK using N-branch GDC in Rayleigh fading is
simply the weighted sum of the elementary SEP’s. The el-
ementary SEP’s for the (n, k)-entries are simply the SEP’s
for the coherent detection of MPSK using MRC with & in-
dependent branches having equal SNR’s of b, in Rayleigh-
fading, or equivalently the SEP for single-branch reception
of MPSK in Nakagami fading with fading parameter equal
to k having an average SNR of kb,,.

Similar structure, namely, linear combination of the sim-
ple “elementary SEP’s,” for MQAM can also be obtained
from (16) as

N pn
pMQAM MQAM
eGQDC _ZZA"kPeI\%RC kbn)'

n=1k=1

(30)

B. Canonical Forms for SEP with H-S/MRC

For H-S/MRC, it can be seen from (19) that the number
of distinct values of {b,} is N = N — L + 1. The distinct
values of b,’s are given by

. T n=1
- { » - 31)
rm_—l‘, ’n:2,...,N, (
and their multiplicities x,’s are given by
L, n=1
“"_{1, n=2..,N. (32)

Substituting (31) and (32) into (29) and (30), we arrive
at the canonical forms for the SEP of MPSK and MQAM
with H-S/MRC, which are given respectively by

P Svre = ZAI k PMYRG(k,T) (33)
k=1
N—L+1 L
An MPSK 1.T
+ ;::2 1 Poyvire(, ——_+n—1)’
and
. L
AM MQAM
e,HC?S/MRC = ZA P, I\%RC (k,T) (34)
k=1
—~L+1 L
+ Z Ang PR (1T ———).

L+n-1

C. Canonical SEP Forms with SD
Recall that SD is a special case of H-S/MRC with L = 1.

Thus the canonical forms for SEP of MPSK and MQAM
with SD are obtained by setting L = 1 in (33) and (34) as

PMPSK ZAnl PMPS[é(l _)

Pesp (35)
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and

PMQAM

T
e,SD PR, =)

e, MRC (36)

N
= Z An,l
n=1

V. NUMERICAL EXAMPLES

In this section, the results derived in the previous section
for H-S/MRC are illustrated. The notation H-L/N is used
to denote H-S/MRC that selects and combines L out of N
branches. Note that H-1/1 is a single branch receiver, and
H-1/N and H-N/N are N-branch SD and MRC, respec-
tively.

Figures 1 and 2 show the SEP for coherent detection of
MPSK with M=8 (8-PSK) versus average SNR per branch
for various L with N = 4 and N = 8, respectively. Note
that SD and MRC upper and lower bound, respectively,
the SEP for H-S/MRC. It is seen that most of the gain of
H-S/MRC is achieved for small L, e.g., H-S/MRC is within
1.1 dB of MRC when L = N/2.

Figures 3 and 4 show the SEP for coherent detection
of 8-PSK versus average SNR per branch for various N
with L = 2 and L = 4, respectively. Note that, although
the incremental gain with each additional antenna becomes
smaller as IV increases, the gain with each additional an-
tenna is still significant even with N = 8. Furthermore,
for L = 2 and L = 4, at a 107* SEP, H-S/MRC with
N = 8 requires 12.5 and 4.5 dB, respectively, lower SNR
than L-branch MRC.

VI. CONCLUSIONS

We derived exact SEP expressions for coherent detec-
tion of MPSK and MQAM with H-S/MRC in multipath-
fading wireless environments. We analyzed this system us-
ing a “virtual branch” technique which resulted in a sim-
ple derivation of the SEP for arbitrary L and N. The key
idea was to transform the dependent ordered-branch vari-
ables into a new set of i.i.d. virtual branches, and express
the combiner output SNR as a linear combination of the
i.id. virtual branch SNR variables. We further obtained a
canonical structure for the SEP of H-S/MRC as a weighted
sum of the elementary SEP’s, which are the SEP’s for MRC
of independent and identically distributed branches, whose
closed-form expressions are well-known.
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Symbol Error Probability (SEP)

i 1 . L L L L L

0 . L
-2 0 2 4 6 8 10 12 14 16 18 20
T (SNR per branch, dB)
Fig. 1. The symbol error probability for coherent detection of 8-

Symbol Exror Probability (SEP)

Fig. 2.

PSK with H-S/MRC as a function of average SNR per branch
for various L with N = 4. The curves are parameterized by
different H-L/N, starting from the highest curve representing H-
1/4, and decrease monotonically to the lowest curve representing
H-4/4.

3 10 i
T (SNR per branch, dB)

The symbol error probability for coherent detection of 8-
PSK with H-S/MRC as a function of average SNR per branch
for various L with N = 8. The curves are parameterized by
different H-L /N, starting from the highest curve representing H-
1/8, and decrease monotonically to the lowest curve representing
H-8/8.
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Symbol Exror Probability (SEP)

Fig. 3.

Symbol Error Probability (SEP)

Fig. 4.

=2 0 2 4 6 12 14 16 18 20

8 10
T (SNR per branch, dB)

The symbol error probability for coherent detection of 8-
PSK with H-S/MRC as a function of average SNR per branch
for various N with L = 2. The curves are parameterized by
different H-L/N, starting from the highest curve representing H-
2/2, and decrease monotonically to the lowest curve representing
H-2/8.

. . : :
106 1 : ' L ! I L L t L

-2 0 2 4 6 12 14 16 18 20

8 10
T (SNR per branch, dB)

The symbol error probability for coherent detection of 8-
PSK with H-S/MRC as a function of average SNR per branch
for various N with L = 4. The curves are parameterized by
different H-L/N, starting from the highest curve representing H-
4/4, and decrease monotonically to the lowest curve representing
H-4/8.
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