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Abstract—The performance of a hybrid selection/maximal-
ratio combining (H-S/MRC) diversity system in a
multipath-fading environment is analyzed. With H-S/MRC,
L out of N diversity branches are selected and combined
using maximal-ratio combining (MRC). This technique pro-
vides improved performance over L branch MRC when ad-
ditional diversity is available, without requiring additional
electronics and/or power. In particular, we consider inde-
pendent Rayleigh fading on each diversity branch with equal
signal-to-noise ratio averaged over the fading. We analyze
this system using a “virtual branch” technique which re-
sults in a simple derivation and formula for the mean and
the variance of the combiner output SNR for any L and N.

I. INTRODUCTION

HE CAPACITY of wireless systems in a multipath en-

vironment can be increased by diversity techniques [1].
Diversity gain is typically achieved by selection combin-
ing (SC) or maximal-ratio combining (MRC) [2]. SC is
the simplest form of diversity combining whereby the re-
ceived signal is selected from one out of N available di-
versity branches. In MRC, the received signals from all
the diversity branches are weighted and combined to max-
imize the instantaneous signal-to-noise ratio (SNR) at the
combiner output.

Though a high diversity order is possible in many situ-
ations, it may not be feasible to utilize all of the available
branches. For example, a large order of antenna diversity
may be obtained, especially at higher frequencies such as
the PCS bands, using spatial separation and/or orthogonal
polarizations. Even for a handset, the main limitation is
typically not the handset size (which determines the max-
imum number of antenna elements) but rather the power
consumption and cost of the RF electronics for each diver-
sity branch [3]. For spread spectrum receivers operating
in dense multipath environments, the number of resolv-
able paths (or diversity branches) increases as a function
of transmission bandwidth [4], [5]. However, the available
correlator resources limit the number of paths that can be
utilized in a typical Rake combiner [5].

This has motivated studies of diversity combining tech-
niques that process only a subset of the available diver-
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sity branches with limited resources (i.e., power, RI* elec-
tronics), but achieve better performance than SC. This
reduced-complexity combining system selects the . best
branches (from N available diversity branches) and then
combines the selected subset of branches based on a cho-
sen criterion. Selecting the “best” branches can be ac-
complished by selecting the branches with the largest
SNR or signal-plus-noise [6], {7]. The selected subset of
branches can then be combined using equal gain combin-
ing or MRC [2], (8], [9]. Here, we consider the hybrid
selection/maximal-ratio combining (H-S/MRC) diversity
system which selects the L branches with largest SNR at
each instant, and then combines these branches tc maxi-
mize the SNR. We assume that instantaneous chanrel esti-
mation using a scanning receiver across all possible diver-
sity branches is feasible, such as with slow fading. How-
ever, H-S/MRC also offers improvement in fast fading con-
ditions, and our results serve as an upper bound on the
performance when perfect channel estimates are not avail-
able. H-S/MRC has been considered before as an efficient
means to combat multipath fading [10], [11].

In this paper, we present a simple derivation of the
SNR with H-S/MRC in Rayleigh fading using the “virtual
branch” technique. In particular, we consider independent
fading on each branch and assume that the SNR, averaged
over the fading, is the same for all diversity branches. The
average SNR gain of H-S/MRC is derived, since it is a com-
monly accepted performance measure of diversity systems
[2]. In order to assess the effectiveness of H-S/MRC system
in the presence of multipath, the variance of the ccmbiner
output is also derived. The power of the virtual branch
technique is even more apparent in the simplicity of the
derivation for the variance.

II. DIvVERSITY COMBINING ANALYSIS
A. Virtual Branch Technique: The Key Idea

The analysis of H-S/MRC based on a chosen crdering
of the branches at first appears to be complicated, since
the SNR statistics of the ordered-branches are not inde-
pendent. Even the average combiner output SNR calcu-
lation alone can require a lengthy derivation as seen in
(11]. Here, we alleviate this problem by transforming the
ordered-branch variables into a new set of independent



identically distributed (i.i.d.) virtual branches, and express-
ing the ordered-branch SNR. variables as a linear function
of i.i.d. virtual branch SNR variables. The key advantage
of this formulation is that it allows greater flexibility in the
selection process of the ordered instantaneous SNR values,
and permits the combiner output SNR to be expressed in
terms of the i.i.d. virtual branch SNR variables. In this
way, the derivation of the moments of the combiner output
SNR is essentially reduced to the calculation of the mo-
ments of the linear combination of i.i.d. random variables.

In this framework, the average SNR of the combined
output is obtained in a less complicated manner than the
derivation given in [11]. Furthermore, the extension to the
derivation of the combiner output SNR variance can be
made more succinctly using this virtual branch technique.
The well-known results for SC and MRC are shown to be
special cases of our results.

B. General Theory

Let ~y; denote the instantaneous SNR. of the ! diversity
branch defined by
a gi2
Yi No: ' (1)
where g2 is the instantaneous signal power and Np; is the
noise power spectral density of the ¢! branch. We model
the ~;’s as continuous random variables with probability
density function (p.d.f.) f,,(z) and mean T'; = E {v;}.

Let us first consider a general diversity-combining
(GDCQ) system with the instantaneous output SNR of the
form

N

YepC = Zai'Y(i) , (2)

i=1

where a; € {0,1}, v is the ordered v;, i.e., vy > Y2 >
. > ), and N is the number of available diversity
branches. It will be apparent later that several diversity
combining schemes, including H-S/MRC, turn out to be
special cases of (2). Note that the possibility of at least
two equal 7;) is excluded, since v(;) # ;) almost surely

for continuous random variables 7;.
For a Rayleigh fading channel, the p.d.f. of the instanta-
neous branch SNR is given by
Lof

_Jre , 0<zr< o™
frl) { 0, otherwise .

(3)

If the instantaneous branch SNR’s -y; are independent with
the same average SNR, i.e., I'; =T fori =1,...,N, then
fy:(z) = f(z) Vi. Denoting v(n) £ (Y1), ¥2)s-- - » YY)
the joint p.d.f. of y(1),¥2),- -+, Y is [14]

N
f‘i(N)({'Y(i)}i;_l) = 4)
N _1 N
N! (%) e T Em:l“’("‘), Yy > V@) > > YNy > 0
0, otherwise .

1The notion of “almost sure” or “almost everywhere” is commonly
used in probability theory [12], [13]. In our context, it can be stated
mathematically as: if M = {vz) = v(;)}, then Pr{N'} = 0.

The mean SNR of combiner output signal is given by

T'epc = E{vepc}

N
00 (1) Y(N-1)
= aiY(i 5
A > e (s)

N
x Fvamy (v Fisy) dvewy - - dyzydray -

Since the statistics of the ordered-branches are no longer
independent, the evaluation of the mean SNR involves
nested integrals, which are in general cumbersome and
complicated to compute. This can be alleviated by trans-
forming the instantaneous SNR of the ordered diversity
branches into a new set of virtual branch instantaneous
SNR’s, V;, using the following relation:

Ay
Yy = Z HVn- (6)

n=1

It can be verified that the instantaneous SNR’s of the
virtual branches are i.i.d. normalized exponential random
variables with p.d.f.’s given by

e, O0<v<oo
fv.(v) = {0, otherwise . @)

The instantaneous SNR of the combiner output can now be
expressed in terms of the instantaneous SNR of the virtual
branches as

N
vapc = Y bnVa, (8)
n=1
where
F n
bn == > ai. (9)

Using the virtual branches, the derivation for the mo-
ments of the combiner output SNR. essentially reduces to
the calculation of the moments of the linear combination of
i.i.d. random variables. Using the fact that normalized ex-
ponential random variables have unity mean (E{V,} =1),
the mean of the combiner output SNR can now be calcu-
lated as

(10)

N ) N
Tgpc =E {Z bnvn} =Y by
n=1 n=1

Similarly, the variance of the combiner output SNR is

N N
oépc = Var {Z ann} =82,
n=1

n=1

(11)

where the unit variance of the normalized exponential ran-
dom variable (Var{V,} = 1) is used. Note that the inde-
pendence of the virtual branch variables plays a key role in
simplifying the derivation of (10) and (11).



The average SNR gain of the diversity combining com-
pared to a single branch system is a commonly accepted
performance measure [2). This quantity is calculated as

N
b
Gapc £ 10logyg {EG—IFQ} = 10log;, {E—“FI—E} . (12)

To assess the effectiveness of diversity combining in the
presence of multipath, we also define the normalized stan-
dard deviation of the combiner output SNR as

0,2 — N_ b2
GIE} =1oxog,0{V n=l L (13)

7n.600 £ 1010810 {—r—D o
~ n=1"n

C. Hybrid S/MRC Analysis

In this section, the general theory derived in Section II-
B is used to evaluate the performance of H-S/MRC. The
instantaneous output SNR of H-S/MRC is

L

Ts/MRC = V() » (14)
i=1
where 1 < L < N. Note that vg /MRC = Yapc With
{5 e )
In this case,
bn = {g%, Zt}%efwise. (16)

Substituting (16) into (10) and (11), the mean and the vari-
ance of the combiner output SNR can be easily obtained
as

N
1
Ts/mrc = L (1 + 3 —) T, (17)
n=L+1 n
and
Yo
o2 /e = L (1 +L Y F) r2, (18)
n=L+1

respectively. Therefore the average SNR gain of H-S/MRC
in dB is

N
1
Gs/mrc = 10logy {L (1 + Z —>} ) (19)
n=L+1 n

and normalized standard deviation of the combiner output
SNR in dB is

\/(1 + LEﬁ:L-H '«{17>

vL (1 + %)

On,s/MRC = 10logy, (20)

D. Limiting Case 1: SC System

SC is the simplest form of diversity combining whereby
the received signal from one of N diversity branches is se-
lected [2]. The output SNR of SC is

sc = max {%} . (21)
Note that ys¢ = vgpc with a3 = 1 and a; = 0 for
i =2,...,N. In this case, b, = %, and substituting this
into (10) and (11), the mean and variance of the conbiner
output SNR for SC becomes

WAy
Tsc=T) = (22)
n=1
and
N
oo =Ty =, (23)
n=1

~

respectively. Therefore, the average SNR gain of SC is

A
Gsc = 10logyg {Z ;} ,

n=1

(24)

and normalized standard deviation of the combiner output
SNR for SC is

N
Zn:l Elf
On,SC = 10 logm =Y. A (25)
n=1n

Alternatively, (22), (23), (24), and (25) can also be ob-
tained from the H-S/MRC results (17), (18), (19), end (20)
by setting L = 1. This should be expected since SC is a
limiting case of H-S/MRC with L = 1. Note also that the
limiting result given in (22) agrees with the well-known re-
sult of mean SNR for the selection diversity given by (5.2.8)
of [2, page 316].

E. Limiting Case 2: MRC System

In MRC, the received signals from all diversity tranches
are weighted and combined to maximize the SNE. at the
combiner output. The output SNR of MRC is given by

N
TMRC = Z’Y(i) .

i=1

(26)

Note that ymMmrc = yopc with a; = 1 Vi. In this case,
b, = I', and the mean and variance of the MRC' output
SNR becomes I'yirc = NT' and oz = NT?, respectively.
Therefore the average SNR. gain of MRC is

Gurc = 10log,o {N}, (27
and normalized standard deviation of the MRC is
1
on,MrC = 10log;o {ﬁ} . (28)



Note again that the results for MRC given above may also
be obtained from the H-S/MRC results given in (17), (18),
(19), and (20) by setting L = N since MRC is a limiting
case of H-S/MRC with L = N. The mean SNR for MRC
obtained by the limiting procedure agrees with the well-
known result given by (5.2.16) of [2, page 319].

III. NUMERICAL EXAMPLES

In this section, the results derived in the previous section
for H-S/MRC are illustrated. The notation H-L/N is used
to denote H-S/MRC that selects and combines L out of N
branches with the largest SNR to maximize the combiner
output SNR. Note that H-1/1 is a single branch receiver,
H-1/N is SC, and, H-N/N is MRC with N branches.

Figure 1 shows the average SNR gain with H-L/N as
a function of L for various N. The data points denoted
by the “squares” represent the average SNR gain using H-
1/N. The data points denoted by the “stars” represent the
average SNR gain using H-L/L and serve as a lower bound
for the average SNR ‘gain of H-L/N. It can be seen that
H-L/N provides average SNR gain over H-L/L, when ad-
ditional diversity is available, without requiring additional
electronics and/or power. Figure 2 shows the average SNR
gain using H-L/N versus N for various L. The data points
denoted by the “squares” and the “stars” represent the
average SNR gain using H-1/N and H-N/N, respectively.
Note that the curves for H-1/N and H-N/N serve respec-
tively as a lower and upper bound for the average SNR gain
of H-L/N.

In Fig. 3, we plot the normalized standard deviation of
the H-L/N combiner output SNR as a function of L for
various N. The normalized standard deviation of the com-
biner output SNR for H-1/N and H-L/L can be seen as
the two limiting cases. The curve for H-L/L upper bounds
the normalized standard deviation of the H-L/N combiner
output SNR. Note that H-L/N provides reduction in nor-
malized standard deviation of the combiner output SNR
compared to H-L/L, when additional diversity is available,
without requiring additional electronics and /or power. Fig-
ure 4 shows the normalized standard deviation of the H-
L/N combiner output SNR versus N for various L. It can
be clearly seen that the curves for H-1/N and H-N/N up-
per and lower bound, respectively, the normalized standard
deviation of the H-L/N combiner output SNR.

IV. CONCLUSIONS

We derived the average SNR gain as well as the variance
of the combiner output SNR of a hybrid selection/maximal-
ratio combining (H-S/MRC) diversity system in a multi-
path fading environment. In particular, we considered in-
dependent Rayleigh fading on each diversity branch with
equal signal-to-noise ratios, averaged over the fading. We
analyzed this system using a “virtual branch” technique
which resulted in a simple derivation and formulas for any
L and N. The key idea was to transform the dependent
ordered-branch variables into a new set of i.i.d. virtual
branches, and express the combiner output SNR as a linear
combination of the i.i.d. virtual branch SNR variables. In

this framework, the moments of the combined output SNR,
can be derived succinctly. These results allow easy analysis
of the improved performance of H-S/MRC over L branch
MRC. Numerical evaluation was made for limited ranges
of L and N. The well-known results for SC and MRC were
shown to be special cases of our results.
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Average H-S/MRC SNR Gain (dB)

Fig. 1. The average SNR gain with H-L/N as a function of L for vari-
ous N. The solid curves are parameterized by different N starting
from the lowest curve with N = 2 and increase monotonically to
the highest curve with N = 20.
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Average H-S/MRC SNR Gain (dB)

Fig. 2. The average SNR gain with H-L/N as a function of N for
various L. The lowest solid curve represents L = 1 and increase
monotonically to the highest solid curve with L = 20.
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Fig. 3. The normalized standard deviation of the H-L/N combiner
output SNR as a function of L for various N. The solid curves
are parameterized by different NV starting from the highest curve
with N = 2 and decrease monotonically to the lowest curve with
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Fig. 4. The normalized standard deviation of the H-L/N combiner
output SNR as a function of N for various L. The highest solid
curve represents L = 1 and decrease monotonically to the lowest
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solid curve with L = 20.
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